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We constructed a model that evolved from a non-equilibrium state to an
equilibrium state. The model only needs two basic coefficients, including self-similar
coefficients and non-equilibrium coefficients. The coefficients of the model can be
obtained directly from real data. The model can well represent the phenomena of
anomalous diffusion, non-Gaussian distribution and so on in non-equilibrium complex
systems. It is important to mention that the model is a global iterative model that can
exhibit statistical physical properties on multiple time scales, as well as exhibiting
long-term memory properties. This model may be used as a basic model for the
research of various non-equilibrium relaxation process phenomena.
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It is well known that particles in complex systems, due to the large number of
influencing factors, will be in constant movement and change between
non-equilibrium and equilibrium. Previous research tells us that after a
non-equilibrium relaxation time, the particle will be in equilibrium. However, how the
particles gradually transform from the non-equilibrium state to the equilibrium state
during the relaxation process has not been discussed in detail in the past. This work
will start from the basic concept of relaxation time, and research the non-equilibrium
to equilibrium transitions in complex systems, as well as the long-term memory
properties exhibited in complex systems during relaxation.
In order to study the most basic properties, we briefly discuss the behavior of
individual particles in a complex system in one dimension. In experimental systems,
the time interval of any process is finite. When the position is ensured, the
displacement during the time interval t can be expressed as
( , ) ( ) ( )x t t s t t s t    , where ( )s t is the position at time t. At the same time, one
can define the corresponding velocity as
( , ) ( , ) / [ ( ) ( )] /v t t x t t t s t t s t t        . It is worth noting that the
displacements and velocity mentioned here are not instantaneous values. They depend
not only on time but also on time intervals. Therefore, one can analyze the
displacement and velocity over different time intervals.
A typical time interval dependent series is the particle’s displacement during
anomalous diffusion. The anomalous diffusion can be characterized by
one-dimensional mean-square displacement as 2 ( , )x t t t  , where  is
called the diffusion coefficient. The cases of 1 and 1 correspond to the
subdiffusion and superdiffusion, respectively. 1 represents the normal diffusion,
which is the result of the Brownian motion. From the definition of velocity, one can
obtain the mean-square velocity during the time interval t as 2 2( , )v t t t  .
It can be seen that when 0 2  , the mean-square displacement is convergent but
the mean-square velocity is divergent at the 0t  limit. Since the mean-square
velocity is divergent at the 0t  limit, the instantaneous velocity can not be
strictly measured. Therefore, a moving object may need an infinite force to change its
speed or direction discontinuously. In this situation, neither the instantaneous e force
nor the mean force can be defined. According to Newton’s law, we can define an
available force as
( , ) ( , )( , ) v t t t v t tF t t m
t
    

, (1)
where m is the mass of the moving object and we set m=1 for the sake of convenience.
It is worthwhile to note that the available force has different values in different time
intervals.
It is well known that complex systems tend to have self-similarity, and statistical
physics quantities at different time scales have similarities. For example, for
Brownian motion, one can get the standard deviation of available force at different
times with )2(22)( tt FF   . Therefore, the model we introduced also attempts
to consider the relationship of the standard deviation of available forces at different
scales, so we can introduce coefficient C to represent self-similarity.
Above the relaxation time, the system is in equilibrium, so we only research the
problem below the relaxation time. On one hand, since complex systems often have
quasi-periodicity, we can separate the systems at equal intervals of relaxation time.
Because of the quasi-periodicity, we can think that the statistical properties of each
share is the same. On the other hand, we know that below the relaxation time, the
system is in a non-equilibrium state, and the standard deviation of available forces at
different times is different. In traditional research, it is often simulated by a
step-by-step iteration. For example, the Markov process, through a transfer matrix,
evolves the state of the system from the previous step to the next step. Since the state
of the system is only derived from the state of the previous step, it does not truly
reflect the long-term memory of the system. As a result, since the properties of
complex systems at different scales have self-similarity, we introduce the idea of
global iteration at different time scales. Further, we introduce a non-equilibrium
coefficient to characterize the non-equilibrium of complex systems. In addition, in
order to ensure that the model is inversely symmetric in time, our iterative
relationship is as follows
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Through the definition of the model, we can also get the following relationship
between the standard deviation of the available forces at different time intervals
2
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(3)
It can be seen from the equation (3) that our model can also satisfy the anomalous
diffusion mentioned above. Compared with the Markov model, the Markov model is a
one-step iteration, or a few iterations, which does not really reflect long-term memory.
The global iteration may reflect long-term memory because it retains the global
information.
When the system no satisfies the central limit theorem, it is known that its
corresponding distribution function may no be a normal distribution. For the case of
deviating from the normal distribution, here we introduce kurtosis to measure it as
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According to the iterative relationship of the model (2), one can easily get the
relationship between the kurtosis of the available force and the time interval
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It can be clearly seen that the relationship between the kurtosis of the available
force and the time interval is only related to the non-equilibrium coefficient during its
iteration. Therefore, based on the real data, we can find the non-equilibrium
coefficient. In addition, combined with the anomalous diffusion relationship, one can
get the self-similar coefficient from the real data.
As one can see in Fig.1, for real foreign exchange data, the non-equilibrium
coefficient reaches a maximum at half-day intervals. When the time interval is large
enough, the non-equilibrium coefficient is very close to 1, which is the same to the
common sense of Brownian motion when the time interval is large. On the other hand,
it is known that when the time interval exceeds the relaxation time, the system is in
equilibrium. Therefore, we take the behavior of Brownian motion under a relatively
large time interval, and then iterate through the time series of available forces step by
step. With the time series of available force, one can get a time series of velocity and
then get a time series of displacement. When the corresponding velocity is obtained,
the corresponding position at time t and time step / 2iT can be written as
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On the other hand, we can see that the long-range correlation in the time-series of
velocity ensures the displacement. If we rearrange the velocity series randomly to
eliminate the long-duration memory, the distribution of displacement will reduce to
the normal distribution. In this case, the displacement can be calculated by
2 /
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where ,( , / 2 )
i
ran jv t T is the discrete value that is randomly chosen from the velocity
series. The results obtained can be nicely fitted by the normal Gaussian distribution.
As can be seen in Figure 1, the kurtosis evolution is not the same as the undisturbed
situation. It means that the complex systems exhibit long-duration memory. It is
worthwhile to mention that our model coincides with the previous works, such as
Lévy motions [1], fractional stable Lévy motions [2] [3], and Levy Truncated Flight
[4], since the long-term memory is not considered, the evolution of kurtosis with time
interval does not change.
Starting from the relaxation process, we construct a model that evolves from
non-equilibrium state to equilibrium state. We introduced non-equilibrium
coefficients to describe the non-equilibrium of the system. The non-equilibrium
coefficients of the model can be obtained directly from the real data. The model can
well represent the important statistical physical properties such as anomalous
diffusion, non-Gaussian distribution and so on that are common in real complex
systems. It is important to mention that, unlike previous work, the model performs an
global iteration. Due to the global iteration, the model can exhibit statistical physical
properties at different time scales, while also exhibiting long-term memory
phenomena. This model may open a new perspective in the field of non-equilibrium
relaxation process research in future.
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Figure captions:
Fig.1. The kurtosis changes by time intervals.
FIG. 1.
